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Outline and Field-Specific Notation

» Discrete Integrable System

Our Aim

Principal Component Analysis

The OQDS Method, Interpreted as a Discrete Integrable System

>
>
>
» Numerical Experiments

» For example, the three-term recurrence relation
H(n)up 1 +G(n)u2 +F(n)u,_1 =0,(n=1,2,--)
is written as follows.
H'W 4+ G () +F'" ' =0,(n=1,2,--+)
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Integrable Systems and Euler—Poisson Equations

Differential Equations Describing the
Motion of Spinning Tops (Euler-Poisson

Equation)

do
A= =(B=C)mas +20% — ol
d
B% =(C—A) o301 +x0% — 207
d
C(Ta? =(A=B) w1 +yon —xoP
dn
i Bk o;p
dp
at =013 — 03N
dy
v - —
. _en-op
Sufficient conditions for integrable cases:
(For Euler) xg =yo =z =0, (For Lagrange)

A =B,xg =y9 =0, (For Kovalevskaya) A =

B=2C,z0=0
In these cases, the top can rotate indefi-
nitely.
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The Kahan-Hirota-Kimura Difference Scheme(1)

The following scheme preserves the property of indefinite rotation.
Discrete Euler Top (Hirota and Kimura, 2000)

Ao — o)) /6 =(B-C) (o) o} + 0§ i) /2
B(oy™ —w}) /8 =(C-A) (03 of + 0} ™) /2
C(of™ —f) /8 =(A—B) (0] " @) + of ) ™") /2

Discrete Lagrange Top (Kimura and Hirota, 2000)

Ao — o) /8 =(A-C) (o) 03 + &S o3™) 2420 (K +75) /2

Aoy — @) /6 =(C—A) (4T of + @ o ™) /2—z0 (VT + ) /2
(0! —wf) /8 =

0

= (B + 0}t 2 (@R + @) /2
S = ( +1,)/1+w1,yn+1)/ (w§l+1}/1,+0)§17/1!+1)/2

( n+1’)/1"+(1)2}/1'+1)/ —((1){’+1}/21+a){l’}’£l+1)/2
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The Kahan-Hirota-Kimura Difference Scheme(2)

The following scheme preserves the property of indefinite rotation.

Discrete Euler Top (Hirota and Kimura, 2000)

A((Oerl wil) /5=(B—C)( n+1603+(0g n+1)/2
B(o)™ —w}) /8 =(C—A) (0} o] + 0f o)) /2
C(f™ — ) /6 =(A-B) (0] ' &} + 00y ") /2

Lax Pair Representation Using Quaternions

The discrete Euler top can be written as
A"=if{ +jd5 +kd3, B' = —1+iong] +jonzs +kaszs, A" = B*HA"
Written componentwise, A"t B" = B"1A" gives:
1 1 1
A - =(—om) (5T A +474),

Zngl g:(a] 053)( n+1 n+zn+l n)
Zg-H r31 (az_ al)( n+1 §+Z§+IZ'1’)
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Discrete Matrix Version of Euler’s Top

Discrete Matrix Version of Euler’'s Top
Let X{' =X; (nd), XJ =X, (nd), X§ =X3(nd). The discrete matrix version
of Euler's top is

(X7 = X7) /8 = X3 1X0 + X5 X
(X3 =X3) /8 = — (X3 ¥1X7 + X[ *1x3)
(XgH = X7) /8 = Xy Xg + X571 X
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Lax Pair Representation for Discrete Matrix Version of Euler's Top

§ is the spectral parameter. Let X|', X}, X} be K x K matrices, and
consider the following dynamical system:
F™1(8)G" () = G () F" (§)
0O 0 Xy X§ o 2Xx{ O (0

noe o 0 Xy —Xj —2X{ O 0 0
FFO=lxs xx o o |T% 0o o o -
-Xi X3 O o () o 2X{ O
o 0 X7 —-Xj

o O Xy =Xy
Xy =Xy 0 () ’
Xy X7 () ()

+¢2

I —8Xxr 0 O 0O 0 —X! —X!

oxr 1 (0] (0] (0] (0] Xy =X}

n _ 1 . 3 2
Gh(6) = (0] (0] 1 oxXy o Xy -Xy 0 (0) ’

(0] (0] -6X; 1 Xy X7 (0] (0]

which gives the Lax pair of the discrete matrix version of Euler's top.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Discrete Nahm Equations

Using the following reduction,

o 17
n__ 1
Xl__Tln 0:|

[0 -T1;
n__ 2
XZ_-T2n 19) :|

' o
n__ 3

we obtain the following discrete Nahm equations:
(Tln—H _ Tln) /5 _ T2n+1T3n _ T3n+1T2n
(Tan - Tzn) /6= T3n+1T1n - T1n+1T3n
(T3n+1 _ T3n) /6 — T1n+1T2n _ T2n+1T1n

The Nahm equations arise in differential geometry and gauge theory, and
their successful discretization suggests the possibility of constructing a
discrete differential geometry or a discrete-time gauge theory.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Reduction from the Discrete Nahm Equations to the Discrete
Toda Equations with Periodic Boundary Conditions(1)

Using the following reductions,

n n T
0 df ck
n n
1 i 0 a;
n n
Tl = ——F= 62 O 5
V2 o,
: L &S
n 1
| dg Ck—1 0 |
_ ) A
'
’ —cl 0 as
n
T2n — % —C2 O ,
n
ag_q
n n
ag —Ck—1 0 |

T3 = —i x diag. (b}, b5, -+ ,bk),
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Reduction from the Discrete Nahm Equations to the Discrete
Toda Equations with Periodic Boundary Conditions(2)

we obtain

(o =) /5 = e~
( n+l )/5 n+1ak_ak+1bk+l
)

n+1 n+1yn n+1
( /a_ck b —biiick

agy =4di, bg =bl, k= 0'11
1
Let fk 25 + bk’ gk QaZcZ and I]? = 52f”’ Vk Bszka Then we
obtain the discrete Toda equations with periodic boundary conditions:
(=) /s =V =ve for k=1, K

(21 =) 6 =V~ VL] for k=1,

Ilré-s-l =1
n
k1= Vi
The discrete Toda equations with periodic boundary conditions play an
important role in data science.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science
Our Aim(1)

Background

» Principal Component Analysis (PCA) is effective in data science, so it
is important to accelerate PCA.

> PCA is essentially equivalent to a partial singular value decomposition.
In the PCA using the statistical computing software R, singular value
decomposition is performed by upper bidiagonalization followed by
the QR method applied to the upper bidiagonal matrix.

» However, with the QR method, all singular values and singular vectors
are computed. Therefore, when the matrix dimension is large, the
computation time becomes substantial.

> The combination of bisection and inverse iteration is not always
suitable because it can perform poorly for certain matrices.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science
Our Aim(2)

The glued Kimura matrix gB

B = bidiag. 9 8 ... 1 ... 8 9|
8 =10.0"%. Note that &, not 81I.

Inserting & at each junction of B and B — gB has a cluster of singular
values.

A method for observing how the inverse iteration method fails

> Create a symmetric tridiagonal matrix F’ of size 1564 x 1564 whose
eigenvalues are the 782 singular values of the 782 x 782 matrix gB
and their negatives.

» For F/, we compute 184 eigenvalues and eigenvectors using Intel
MKL's combined function of bisection and inverse iteration
(DSTEVX).
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science
Our Aim(3)

» Develop a solution method that is as reliable as the QR method while
computing only selected singular values and singular vectors.

> The target computational complexity is as follows.

For an n x n upper bidiagonal matrix, when computing w singular
values and their associated singular vectors in descending order,
Inverse iteration method: O (w?n) = Proposed method: O (w*n)

< QR method: O (n3)

» Unlike the combination of bisection and inverse iteration, the new
algorithm has no known input matrices on which it performs poorly.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

About PCA(1)

Principal Component Analysis(1)

> At the checkout, customers’ data are collected.

Kinji Kimura (University of Fukui)
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science
About PCA(2)

Principal Component Analysis(2)

> Represent the customers’ data as a matrix A = (a; ;) € R™*".

=
35 : 3
® 5 g : 2
N 2 5 5 0

€:D o 0o %
customert /1 0 0 0 0 0 0 1
customer2 (0O 1 O O 0 0 1 0
A:customer3 1 0 0 0 0 o 0 O
0 0 2 0 1 0 0 1
0 0 0 2 1 0 0 O
0 00O 0O 0 0 0 O
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

About PCA(3) — Normalization in PCA

Principal Component Analysis(3)
» Normalize the matrix A to obtain C = (A —M)S.
w(Eiain) o (T ain)
(X ain) (X ain)

3-3

Hl=

M=

Liyrian) - L(Xriain)

. 1 .« 1
S=diag |\ o (@) Ve (am,)’
> PCA is realized by partial singular value decomposition of C.
» Only the w largest singular values and their associated right singular

vectors are required.

16 / 40
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

About PCA(4) — Direct Method

Upper bidiagonal reduction

Calculation of PCA (w is the number of singular values needed for PCA)

B =i (i=1,...,w), BTi? =o7® (i=1,...,w),

l 1

7@ .— [ﬁa) i O] errov @) .= [ﬁm 7D 50| errv,

S 7SS 7 IS 7 S D
Y :=diag.(01,0,,...,0,) ER"" 6, >0, >--->06,>0

Singular values of C: X, Left singular vectors of C: U = QU(l)U(z),

Right singular vectors of C: V =V(1)y(2)
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Converting Large Singular Values into Small Ones (1)

Conversion from a singular value problem for B to an eigenvalue problem
for a symmetric tridiagonal matrix F’

Let B be an n x n upper bidiagonal matrix,

B = bidiag. [ﬂl B } with singular values o1,--- , 0,
(xl “ee “ e an
Define the 2n x 2n symmetric tridiagonal matrix F’
[0 o 07
a - B
F' = B whose eigenvalues are +07,- -+, 40,
Bn—l
ﬁn—l (0
LO o, 0

Singular vectors of B can be computed from eigenvectors of F’.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Converting Large Singular Values into Small Ones (2)

Making F’ positive definite and converting back to a singular value

problem

Let u be an upper bound of the largest singular value of B, and let

v=/H. Then
v o —oy
—0
Vi—F = —h
N

is symmetric and positive definite,
decomposition: V2 —F' = (L)' L.

Kinji Kimura (University of Fukui)
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so we can apply a modified Cholesky
(L is a 2n x 2n bidiagonal matrix.)



Recurrence formulas for the modified Cholesky decomposition

§1
n s

VI-F =)L, L=

bon—1  S2n
is equivalent to the following recurrence relations.
Son =V . 01
3= —
foy g = — On $2n-2
= ——
S2n $on—-3 =V —tn-3v/V+ta3
$2m-1 =V —ta_1/V+ton1 Bus
Ion—4 = —
toy 0= — ﬁnfl S2n—3
2 =
$2n—1 Som—4 =V —to_a\/V+tn_s

Son—2 =V —tam—2V/V+tan_2

Since —v<f<vfork=1,---,2n—1, t; does not diverge to oo,
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Relationship between the singular values of L and B

Singular values of L : Gi > 6; > > Gén—l > Gén
Singular valuesof B: 6 >0y > - > 0,1 > O,
They are related as follows:

! !
Oy = (V—52n+1—e> <V+02n+1—€)v =1, ,n

The problem of computing the largest singular values in order is converted
into that of computing the smallest singular values in order.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Relation between the right singular vector X of L and the left and right
singular vectors U, V(2 of B

[ ) AOREON
(1) a1 @)
e D) lb)
i’ (2) B2 i)
X=1.. : : : (¢):the ¢ component.
7 (n—1 -1 #P@m-1)
i (n—1 iigz)(nfl ﬁ?)nfl
) (n) PO
@ (n) B () @)

The left singular vector of L is not needed for this purpose.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science
Key Point

Orthogonal qd algorithm with shift (OQDS)!!

» This method is an algorithm derived from the discrete Toda equations
with periodic boundary conditions.

» If the matrix is not split in the middle of the computation, singular
values and their associated singular vectors can be computed in order
from the smallest to the largest.

» Singular values are computed with high accuracy, and the right
singular vectors are highly orthogonal.

[1] Urs von Matt, The Orthogonal qd-Algorithm, SIAM Journal on
Scientific Computing, Vol. 18, Iss. 4, pp. 1163-1186, 1997

Aim of this research

Remove the assumption
“the matrix is not split in the middle of the computation.”
Even if the matrix is split, we want to compute singular values and

singular vectors in order from the smallest to the largest.
Kinji Kimura (University of Fukui) 23 / 40



From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science
The OQDS method

Hereafter, we regard the 2n X 2n matrix L as a p X p matrix, where p = 2n.
Let L0 = L. For each i, let L) be a p x p lower bidiagonal matrix,

o b, f

Let 7)) be a shift satisfying ri) < Omin (L ()) let GO be a product of
2p x 2p generalized Givens rotations, and let G\ be a product of p x p
Givens rotations.
Let z® =0 and z(+1) = (z(i))z—i— (r("))2. Then the OQDS method is
described by the following relations:

I 0 o [LO] 4 LG+1)
o (60)T | GY L() ] G = L(m)l]

( ) (( ) B0 (‘) >G(i):(1:(i+l))Tl:(i+1)
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Moving Zero Singular Values to the Lower Block

Key technique

If the matrix splits into two blocks, zero singular values cannot be moved
from the upper block to the lower block.

In the usual OQDS method, the two blocks are treated as separate
matrices. However, to compute singular values and their singular vectors
in order from the smallest, the matrix must be treated as a whole.

Redefining the Givens Rotation

cos 0 sin O X VX2 +y? cosf = — =
; : VY2
. . . _ y
—sin 6 cos 0 y 0 sin@ = N
I|]. :

1

When x =0 and y = 0, the conventional definition gives cos8 = 1 and
sin@ = 0. The new definition gives cos® =0 and sinf = 1.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

OQD method without shift (left: conventional, right: modified)

Set plm = (xlm

if pfi) < /ez)) then
Set pl(l) =0
end if
for k:=1,2,--- ,p—1do

set 1 = /(o) + (8%)"

if 71 =0 then
M) _ gl

Set Clgi) =00 P =0y
else N
Set Ck = (ﬁk /7’k )O‘k+1
i) i)
Set piy = (pk i ) o,
12: if p,i’ll < /&z)) then
13: Set pi), =0
14: end if

15: end if
16: end for

17: Set yl(,i) = p,(,i)

ORGSO OISR OB NORS

= =
—

Kinji Kimura (University of Fukui)

= =
=

12:

13:

14:
15:

© © o AN o Ol& o

Set p](i> = oc]<i>
if pli) < /ez) then

Set pl(i) =0

end if
for k:=1,2,---

,p—1do

set 1 = (617 + ()

if 1) =0 then
Set Ck@ = O‘/Eilv p/f'il =0
else

set & = (B /1) o
(i (@)
Set py; = (Pk s > %y
if p&l < ﬁz(i) then
Set plgﬁl =0

end if
end if

16: end for

17: Set

yéi) — éi)
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Modifying the Implementation to Compute Singular Values in
Ascending Order Even When a Split Occurs

Use the smallest singular value as the shift

1. 1F B =0, then ) — r) =0 is allowed.

2 1f By =0 for k=1,....p=2, then (p” /") o’} —r® =0 is
allowed.

With these improvements, the entire matrix can be treated as a single
matrix, even if a split occurs during the computation.

This feature is not needed in the usual OQDS iteration.

It is needed, however, to ensure that singular values are computed
sequentially from the smallest one.

The next two slides present the algorithm before and after these
modifications.
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Original OQDS method

1: Set temp = Ozl(i) —r(®

2: if temp > O then

Set p] = \/temp X 1/ oc] +r
else .
Fail. Retry with a smaller value of ),
end if

for k:=1,2,--- ,p—1do
set 1= /(o D)
o Set g = (B /yk )ak+]

10: Set temp = ( /‘yk )a,ﬁl -7
11: if temp>0 or (k=p—1 and temp=0) then

@ JF9GH @

12: Set p,iil = /femp x \/(pk /yk )akll +r(0)
13: else i

14: Fail. Retry with a smaller value of .

15: end if

16: end for

17: Set }/I(,i) = pl(,i)
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Modified OQDS method

1: Set Bp(i) =0

for k:=1,2,...,p—1do
i i)\ 2 i) 2
st = o)+ )
10: if )/,Ei) =0 then

2: Set temp = (xfi) —r®

3: if temp >0 or (ﬁl(i) =0 and temp = 0) then
4 Set p) = Jremp x /ol + ()

5: else i

6: Fail. Retry with a smaller value of ().

7: end if

8:

9:

11 se g =0, —af),
12: else

13: Set Ck (ﬁk /yk )ozk+l

14: Set temp = (pk /)/k )OC,CJrl r(d)

15: if temp >0 or (ﬁHl =0 and temp:()) then
16: Set p.), = \/femp x (p,@/y,i”) o), +r0)
17: else .

18: Fail. Retry with a smaller value of r(®).

19: end if

20: end if

21: end for
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Numerical Experiments

Experimental Environment

CPU: Intel(R) Core(TM) i9-10920X 3.50 GHz, 12 core, 24 thread, MEM:
256GB

OS: Rocky Linux v9.8, COMPILER: GFortran, LIB: Intel MKL

Evaluation Criteria

The number of singular values required for principal component analysis is
w=35. Let 0; (i=1,---,w) be the singular values of B, with

Omax = 01 > 02 >+ > Oy, S — diag(o1,---,0,), and let U,, and V,, be
the n x w matrices of left and right singular vectors of B, respectively.

(1) elapsed time, (2) ||BV,, — ULy ||F + BT O — Vi ZullF, (3)

10, O = Lo||F, and (4) V)V, — Lol

» Demmel-Kahan QR method
P Bisection method + inverse iteration
» Proposed method using the OQDS method
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Test Matrices

» TYPE-I: an upper bidiagonal matrix B obtained by reducing a square
matrix generated from uniform random numbers in [0, 1]
» The largest singular value is overwhelmingly dominant; setting w =5 is
therefore not representative of the intended PCA setting
> Matrix sizes: 10,000, 15,000, 20,000, 25,000, 30,000
» TYPE-II: an upper bidiagonal matrix B generated from uniform
random numbers in [0, 1]
» The five largest singular values are all simple.
> Matrix sizes: 1,000, 10,000, 100,000, 1,000,000, 10,000,000
» TYPE-IIl: an upper bidiagonal matrix B whose diagonal and
superdiagonal entries are all 1

» A matrix with clustered singular values o} =2cos iﬁ—;;n, k=1,...,n
» Matrix sizes: 1,000, 10,000, 100,000, 1,000,000, 10,000,000

» TYPE-IV: the glued Kimura matrix

» It has numerically multiple singular values in double-precision

arithmetic.
» Matrix sizes: 1,700, 17,000, 170,000, 1,700,000, 17,000,000
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Numerical Experiments TYPE-I (1)

TYPE-I: an upper bidiagonal matrix B obtained by reducing a square
matrix generated from uniform random numbers in [0, 1]

Elapsed Time Comparison

All three methods use parallel implementations; unit: seconds.

Dimension | QR method e . . Proposed method
+ Inverse iteration

10,000 90.034 0.032 0.025

15,000 255.334 0.050 0.040

20,000 542.813 0.066 0.050

25,000 978.654 0.082 0.061

30,000 1582.566 0.099 0.076

Kinji Kimura (University of Fukui) 32 /40



F Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Numerical Experiments TYPE-I (2)
Elapsed time (sec.) |BYy — Uiyl + |BT0 — Vi 2ol

10000 1.00E-10
1000

100 1.00E-11
10

1 1.00E-12

0.01 u | I I I 1.00E-13 I
10000 15000 20000 25000 30000 10000 15000 20000 25000 30000
W QR method  Bisection+Inverse iteration M Proposed method m QR method  Bisection+inverse iteration M Proposed method

||U”T,0w — Iw ||F “ZTVH = Iw

|F

1.00E-12 1.00E-12
1.00E-13 1.00E-13
1.00E-14 1.00E-14
1.00E-15 1.00E-15
1.00E-16 I 1.00E-16 I
1.00E-17 1.00€-17
10000 15000 20000 25000 30000 10000 15000 20000 25000 30000
®m QR method  Bisection+Inverse iteration M Proposed method ®m QR method = Bisection+Inverse iteration M Proposed method
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From Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Numerical Experiments TYPE-II (1)

TYPE-II: an upper bidiagonal matrix B generated from uniform random
numbers in [0, 1]

Elapsed Time Comparison

All three methods use parallel implementations; unit: seconds.

Dimension QR method Slseiien . . Proposed method
+ Inverse iteration

1,000 0.232 0.006 0.004

10,000 62.535 0.033 0.026

100,000 | Out of mem. 0.278 0.249

1,000,000 | Out of mem. 2.751 2.598

10,000,000 | Out of mem. 26.836 26.820

Kinji Kimura (University of Fukui)
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F Discrete Nahm Equations to a New Algorithm for Principal Component Analysis in Data Science

Numerical Experiments TYPE-II (2)
Elapsed time (Sec') HBVM - 0»1'2»1'”1: + ||BTUH' - ‘7»1'2»1'||F

100 1.00E-12
10
1.00E-13
1
1.00E-14
0.1
001 1.00E-15 I I I I I
0.001 I 1.00E-16
1000 10000 100000 1000000 10000000 1000 10000 100000 1000000 10000000
m QR method ' Bisection+Inverse iteration M Proposed method m QR method  Bisection+inverse iteration M Proposed method

”UnT[jw*IWHF H‘A/J‘A/w*]w |F

1.00E-13 1.00E-13
1.00E-14 1.00E-14
1.00E-15 1.00E-15
1.00E-16 I I I I 1.00E-16 I I I I
1.00E-17 1.00E-17
1000 10000 100000 1000000 10000000 1000 10000 100000 1000000 10000000
®m QR method  Bisection+Inverse iteration mProposed method ®m QR method  Bisection+Inverse iteration M Proposed method
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Numerical Experiments TYPE-III (1)

TYPE-III: an upper bidiagonal matrix B whose diagonal and superdiagonal

entries are all 1

Elapsed Time Comparison

All three methods use parallel implementations; unit: seconds.

Dimension | QR method Bisection . . Proposed method
+ Inverse iteration

1,000 0.185 0.007 0.002

10,000 90.352 0.031 0.020

100,000 | Out of mem. 0.224 0.209

1,000,000 | Out of mem. 1.992 1.815

10,000,000 | Out of mem. 18.278 18.133
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Numerical Experiments TYPE-III (2)
Elapsed time (Sec') HBVM - 0»1'2»1'”1: + ||BTUH' - ‘7»1'2»1'||F
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Numerical Experiments TYPE-IV (1)

TYPE-IV: the glued Kimura matrix

Elapsed Time Comparison

All three methods use parallel implementations; unit: seconds.

Dimension | QR method Bisection . . Proposed method
+ Inverse iteration

1,700 0.564 0.007 0.004

17,000 281.378 0.037 0.024

170,000 | Out of mem. 0.309 0.211

1,700,000 | Out of mem. 3.046 2.172

17,000,000 | Out of mem. 30.808 22.117
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Numerical Experiments TYPE-IV (2)

Elapsed time (sec.)
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Summary

> We developed a method that computes only selected singular values
and singular vectors.

» It achieves the same level of accuracy as the combination of bisection
and inverse iteration.

> The target computational complexity has been achieved, as follows.

For an n x n upper bidiagonal matrix, when computing w singular
values and their associated singular vectors in descending order,
Inverse iteration method: O (w?n) = Proposed method: O (w*n)

< QR method: O (n3)

» Unlike the combination of bisection and inverse iteration, our new
algorithm has no known input matrices on which it performs poorly.
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